This paper evaluates the performance of two non-rigid image registration techniques. The moving least squares (MLS) technique is compared to the more common thin-plate spline (TPS) method. Both methods interpolate a set of fiducial points in registering two images. An attractive feature of the MLS method is that it seeks to minimize local scaling and shearing, producing a global transformation that is as rigid as possible. The MLS and TPS techniques are applied to twoand three-dimensional medical images. Both qualitative and quantitative comparisons are presented. The two techniques are quantitatively evaluated by computing target registration errors (TREs) at selected points of interest. Our results indicate that the MLS algorithm performs better than the TPS method with lower TRE values and visually better registered images, indicating that MLS may be a better candidate for registration tasks when rigid registration is insufficient but the deformation field is sought to be minimal.
INTRODUCTION
Medical image registration uses both rigid and non-rigid registration techniques to map images. Rigid transformations are usually sufficient when registering images obtained from a single subject, as mapping between the two images can be obtained by a simple rotation and translation. For example, when registering brain images of the same patient taken over a short period of time the motion of the brain is approximately rigid, being constrained by the skull, and thus rigid registrations suffice. Non-rigid registration [Hajnal et al. 2001, Sonka and Fitzpatrick 2000 ] is useful in intra-subject registration when images are obtained over a period of time, for example, to observe disease progression. It is also used in cases of inter-subject registration where anatomical differences are necessarily present. Non-rigid registrations involve localized stretching and scaling to achieve a mapping between source and target images. This paper focuses on non-rigid registrations, an area of ongoing research with new algorithms still being evaluated to achieve optimal performance. The main drawback of non-rigid registration is the unpredictable nature of the deformation. It is not possible to exactly specify the mapping of each point in the source image to the target image. It is also possible that such registrations can cause certain regions, which should remain rigid for underlying physical reasons, to deform due to scaling or shearing. It would thus be good to have a non-rigid registration technique that produces local deformations only where needed while still preserving the overall rigidity of the transformation as much as possible. Such transformations are called as-rigid-as-possible. Fortunately such techniques exist, and this thesis focuses on a particularly ideal one called the moving least squares (MLS) transformation. This technique is relatively recent and is better known for surface reconstruction [Kolluri et al. 2005 ] and for image deformation and morphing [Schaefer et al. 2006 ], but has not been previously applied to medical images.
In this paper we apply the MLS technique to two-and three-dimensional medical images where rigid transformations are not sufficient and compare the results to similar non-rigid registration techniques. MLS is a point-based technique in which two images are aligned based on feature points extracted from them, and therefore we compare it to another popular point-based non-rigid method, thin-plate spline (TPS) transformations. We thus assesses the applicability of the MLS technique as a general point based non-rigid registration technique and compares it to this other widely used technique both qualitatively and quantitatively.
RELATED WORK
The problem faced in non-rigid registrations is the fact that there exists no universal solution for the mapping problem [Hajnal et al. 2001] . Another drawback for these registrations is the inability to validate results due to the lack of a reference standard to compute the exact errors obtained in registration process. The main problem that non-rigid registrations pose is that it is not possible to actually predict the deformation field [Crum et al. 2004] . It would thus be good to have a non-rigid registration technique that produces local deformations only where needed while still preserving the overall rigidity of the transformation as much as possible. Such transformations are called as-rigid-aspossible.
The concept of as-rigid-as-possible transformations was first introduced by Alexa et al. [2000] . This paper presents an object space morphing technique that blends the interiors of objects as a smooth blending. This technique involves triangulating the object before applying the morphing algorithm. This morphing was called as-rigid-as-possible because the objects undergo minimum distortion during morphing. The shape manipulation technique presented in [Igarashi et al. 2005 ] is also based on as-rigid-as-possible transformations. This technique also involves triangulating the source object and solving a linear system of equations with the number of equations equal to the number of vertices in the triangular mesh. The non-rigid registration technique evaluated in this paper, the MLS transformation is described in Schaefer et al. [2006] . This paper builds on the technique described by Igarashi but aims at achieving faster deformations. This paper proposes the transformation of objects by using linear moving least squares. The transformations achieved using rigidity constraints are as-rigid-as-possible with minimum non-linear shearing and non-uniform scaling. The MLS technique can be applied to 2D/3D images.
Thin-plate splines are the most commonly used point based non-rigid registration technique. They have been used in remote sensing for mapping images. Goshtasby [1988] describes how thin-plate splines can be used in image deformation for remote sensing images. Though the TPS produces smooth transformations, the main disadvantage of the technique is that each control point in the image has a global effect on the transformation. Thus even if one point is perturbed all other points in the image do not get mapped correctly [Crum et al 2004] . The work by Bookstein [1999] also describes the theory behind TPS transformations and how they can be applied to medical images.
METHODS
This section presents details of the two transformation methods, MLS and TPS, that we use. Both transformations are smooth and have closed form solutions. The MLS transformation produces a minimal amount of shearing and nonuniform scaling. This property of the MLS algorithm make it suitable for applications in medical image registration where rigid registrations are insufficient and non-rigid registrations are necessary to align features of the image. Using the MLS technique ensures that local deformations are achieved while retaining the overall rigidity of the object.
Moving Least Squares Transformation
The MLS technique was used in computer graphics initially for surface reconstruction [Kolluri et al. 2005] . It can also be used for the deformation of 2D and 3D objects [Schaefer et al. 2000; Cuno et al. 2007 ; Zhu and Gortler 2007] . In this method, a transformation must be computed to map control points on a source image to corresponding ones on a target image and thereby aligning the two images. This presents the deformation as a registration problem. The transformation function thus must map each point in a source image to the corresponding point in a target image. The principle of the MLS technique is to minimize the least squares error function obtained during this transformation process. Given a set of control points i p and i q on the source and target images, the transformation must minimize: ( ) weighting function ensures that the effect of a control point is seen most in the regions immediately surrounding it, while its effect is less prominent in far off regions. The transformation matrix of the MLS technique can include affine, similarity and as-rigid-as-possible transformations. Affine transformations are those which preserve the parallel nature of lines in the image and also produce non-uniform scaling and skewing, Similarity transformations are a part of the affine transformations but with uniform scaling. As-rigid-as-possible transformations are those which are capable of producing local deformations while maintaining a global rigidity of the image. This paper focuses on the as-rigid-as-possible transformations. The transformation function is smooth and interpolates the control points. The following sections describe how we perform 2D and 3D registrations using the MLS technique.
THIN-PLATE SPLINES
Thin-plate splines are a part of the spline family with radial basis functions as the interpolating function. They produce smooth and closed form transformations and have been used extensively in image deformation. The general representation of the 2D and 3D TPS are as follows The equation for TPS contains an affine part as well as a non-affine part with the interpolating function. The TPS transformation maps the control points in the source image exactly onto the control points in the target image. However the other points in the image are not interpolated exactly, producing errors that become more pronounced in regions away from the control points. TPS has been observed to produce more errors while mapping images having local geometric differences. The symmetric nature of the logarithmic function causes the errors to be minimal in cases where the fiducial points are distributed symmetrically while asymmetrically distributed points produce more errors in the transformation.
2D TRANFORMATION USING MLS AND TPS TRANSFORMATIONS
We first used whole body two dimensional CT images of mice to perform registrations using the two techniques. CT images show the bone structures more prominently than soft tissue. Since bones are a rigid part of the skeleton, CT images provide an excellent data set to evaluate the two techniques. Source images showed the bony regions of the head, spine and legs of the mice prominently. We selected control points manually on the source image. These points were picked on the head, spine and legs due to their prominence in the CT image. Similarly, points corresponding to these points or homologous points, which have same relative position on the target image with respect to the control point on the source image, were selected manually. This set of control points on the source and target images was used in the registration process using the MLS and TPS techniques.
We evaluated the performance of the two registration techniques based on the number of points used for registration and the placement of the points. Figures 1 (a) and (b) show the source and target images with homologous control points placed on the bony structures of the head, spine and legs. Figures 1 (c) and (d) show the result of the registration using MLS and TPS techniques. Notable in Figure (1) d is an abnormal stretching of the spine. Figure 2 shows a zoomed in section of the spine of the source image of the mouse to show the already existing spacing in the spine. From the results we observed that the MLS technique produces a qualitatively better result than the TPS technique. The stretching of the spine caused by TPS is puzzling, since there are no control points to the left of the spine to cause this apparent deformation. We examine this issue further in the Appendix. The MLS registered result, however, on the same set of control points, does not show the unnatural stretching seen in the spine. We also observed that the resulting transformation for the MLS technique maintains the overall rigidity of the image, emphasizing the as-rigid-as-possible nature of the MLS algorithm. (a) (a)
We evaluated the results of the two techniques by selecting the control points only on the spine leaving out the head and the leg. Figure 3 (a) and (b) show the pair of source and target images with homologous control points placed only on the spine. The registration result using MLS and TPS techniques can be seen in Figure 3 (c) and (d). Observed that though control points were not placed in the head region, the MLS technique produced a qualitatively better result without any non-uniform scaling or stretching and an as-rigid-as-possible transformation. The TPS transformation was seen to stretch the image undesirably. In this case too, we observed the stretching caused in the spine region in the case of the TPS transformation.
To show that MLS can be used as a better technique for non-rigid registration while maintaining the overall rigidity of the image we evaluated the two techniques by using a limited number of control points. Using more control points will produce equally good results for the two methods since this allows more control over the deformation field. Figure 4 (a) and (b) show the source and target images with 10 control points placed on the head and the spine. The results of the two registration techniques can be seen in the Figures 4 (c) and (d) . A visual inspection of the two transformation showed that the MLS algorithm produces a qualitatively better image than the TPS method. The MLS transformation was observed to map the source to the target image with minimal stretching, while the TPS transformation caused more stretching across the body of the mice.
Registering MR brain images from two different patients requires non-rigid registration due to the presence of anatomical difference in the brain structures. We next evaluated the performance of the two techniques by registering two corresponding depth two dimensional Magnetic Resonance (MR) image slices of the human brain. In case of brain images it is difficult to identify homologous control points in two images from different subjects. We started with two slices S and T' from two different patients. The two slices were registered non-rigidly using the Adaptive Bases Algorithm (ABA) [Rohde et al. 2003 ] an intensity based method for registering two images or volumes. The deformation function thus obtained was applied to the source image S to get the new transformed image T. T has homologous points to the source S. This new image T was used as the target image in our registration process. S and T were registered using the MLS and TPS techniques. We placed the control points on the skull, the tip of the nose, mouth and few control points were placed on the internal structures of the brain, as shown in blue in Figures 5 (a) and (b) . MLS and TPS registrations were performed as shown in Figures 5(c) and (d) , respectively. We evaluated the performance of the two techniques qualitatively and quantitatively. Visually both the methods look similar due to the intricate anatomy of the brain and it was noted that both methods perform acceptable transformations. We quantitatively compared registration methods by computing target registration errors (TREs) [Hajnal et al. 2001 ] for each of the techniques. We selected three points A, B and C at random on S as seen in Figure 3(a) . The ABA gives the corresponding points for A, B and C as A', B' and C' in T as seen in Figure 3(b) . We calculated the TRE for the MLS and TPS techniques by computing the mapping of the three points on the MLS (Figure 3(b) ) and TPS registrations (Figure 3(d) ). These were defined as TRE MLS and TRE TPS . Table I shows the mean TREs for each of the points A, B and C. It was observed that the average TRE was lesser for the MLS method when compared to the TPS method. The standard deviation of the error can also be seen in Table I and shows a lower value for the MLS method. We also performed a t-test at 95% confidence level to check if the means were statistically different. Points B and C had statistically different means, but point A did not. We also computed the mean and standard deviation of the difference in the TRE for the MLS and TPS methods i.e., (TRE TPS -TRE MLS ) as seen in Table II . This was done to observe if the overall TRE was lower for the MLS method. Table I . Mean, standard deviation and T-test results of TRE for points A, B and C in Figure 3 for MLS and TPS techniques over 25 registration trials. The t-test analysis shows that the mean is significantly different for points B and C. To give and idea of the spatial variation of the TREs over these trials, we computed the mean TRE for the entire image and these values are presented as a color-scaled map onto the brain image as shown in Figure 6 . The color-scaled map shows that the TPS method has a larger error value for the target registration error which is also confirmed by the computation of the TRE values. This can be seen clearly in base region of the head. The TPS registered result has a darker shade of red in this region indicating a higher TRE compared to the corresponding region of the MLS registered result, which has a lighter red shade.
3D TRANFORMATION USING MLS AND TPS TRANSFORMATIONS
Next we applied the MLS and TPS transformations to three dimensional (3D) data. We used two whole body CT volumes obtained from two different mice for the source and target volumes. The volumes were 512x512x512 in dimension with 02.x0.2x0.2 mm 3 voxel resolution. To reduce computation time we down-sampled these volumes to 128x128x128 in size. For our evaluation we selected ten slices from the source and target volumes showing maximum details. We segmented the bony structures from these ten slices by setting an intensity threshold value. This made the control point selection easier and seemed a natural modality for control point selection. Control points for the registration process were selected manually on all of the ten slices of the source volume. Thus we selected control points on the bony structures present in head and spine regions of the ten slices in the source volume. Similarly the homologous control points on the ten slices in the target volume were also selected manually on the bony structures in the head and spine regions, thus giving a set of homologous control points for the registration to be performed. It was easier to compare the two methods when only the bony structures were used in the registration. The MLS registration result was found to be more in alignment with the target volume. This was observed especially in the spine area. Compare slices 2, 3 and 4 from Figure 7 (a) to Figure 7 (b) . The TPS versions in 7 (b) are stretched in opposite directions unacceptably because this is a bony structure and should not deform. The MLS transformation was observed to map the source volume to the target volume without this unnatural stretching. The head regions in both the results were found to align equally well. Control points were placed only on the head and spine regions and hence the leg was not controlled in either method. Quantitative comparisons were not carried out as it was difficult to obtain the exact homologous points in the course and target volumes. Any error in the homologous points would result in an incorrect value of the target registration error.
Based on the results obtained we concluded that the MLS algorithm outperforms the TPS algorithm qualitatively. The MLS technique is able to preserve the overall rigidity of the object while still performing local non-rigid deformations. The TPS algorithm was found to cause unwanted stretching. This is unacceptable in cases where the rigidity of the object needs to be maintained especially areas such as bones which need to maintain their rigid structures.
CONCLUSION
We have compared two interpolating non-rigid registration techniques, moving least squares (MLS) and thin-plate splines (TPS). Both quantitatively and qualitatively we have found that the MLS technique outperforms the TPS technique for a given number of control points. A theoretical nicety of the MLS technique is that the deformation field is as rigid as possible, given the constraint that the control points are to be interpolated. This rigidity can offer advantages over other non-rigid registration methods, particularly those where bony structures should be minimally deformed during registration. Non-rigid registrations often produce unwanted stretching in the images and the unpredictable nature of the deformation field poses a major drawback which makes an algorithm with the ability to produce as-rigid-as-possible transformations attractive. The as-rigid-as-possible nature of the MLS technique thus makes it a suitable candidate for non-rigid registrations as it provides a transformation that maintains the rigidity of structures that need to remain nondeformed, while producing local deformations. The results for two dimensional and three dimensional registrations using MLS and TPS transformations show that the MLS algorithm performs qualitatively better than the TPS algorithm. The overall rigidity of the image is maintained better with the MLS method, which can be seen form the qualitative analysis of the two techniques. The results of the TPS transformation show unwanted stretching and shearing in the image that is caused due to the effect of the control points on the entire deformation field. Each point has a global effect on the transformation and thus affects the overall rigidity of the image. The quantitative evaluation by comparison of the target registration error also shows that the MLS method has lower error values. The average of the target registration errors over 25 trials also show that the MLS algorithm performs better. The t-test results for the mean of the TRE values show that the mean is significantly different for the MLS method.
The MLS method can thus be used for producing better registration results. In the future we would like to evaluate the performance of the MLS algorithm by modifying the weight parameter. The deformation field can be controlled by varying the value of alpha in the weight function. We would also like to examine the results by using different distance functions, other than the Euclidean distance used here, to see the variation of rigidity in the deformation. Another area of interest would be to study the effect of perturbation of the control points. It would be interesting to how much the control points can be perturbed while still producing a good transformation. Optimizing the MLS algorithm would certainly produce better results. This work would be on the lines of Chui [Chui et al. 2003 ] by making the control point selection automatic and also using an iterative approach to finding the best deformation. 
APPENDIX
The TPS algorithm caused an unexpected stretching in the spine region of the mice as seen from Figure 1 and Figure 2 . This stretching is undesirable since there are no control points on the left hand side of the image that could cause the spine to be pulled in opposite directions.
To examine this shearing we decided to decimate the number of control points used in the registration since overspecifying the control points might cause the unexplained stretching. We first registered the source and target with 43 control points placed on the bon structures of head, spine and legs. We then decimated the number of control points used in the registration to 26, 16 and 11points. The results of all these registration trials can be seen in Figures 8 -11 . We also applied the TPS deformation field to a grid image to provide a better visualization of it.
From Figures 8 -10 we observed that using a large number of control points in the spine region of the mouse results in the stretching action. Figure 11 shows the result of registration with the fewest number of control points,11, and does not show the unnatural stretching effect as seen in the Figures 8 -10 . Since we observed this stretching effect to be highly pronounced in the curved part of the spine we performed registrations on points representing a parabola to see if the shape affected the result of registration. We registered two sets of points, the original set and another that represented the original set of points with some added noise. The results of this experiment can be seen in Figure 12 and Figure 13 . From these results we observed the similar stretching seen in the mice images. The results show the presence of the stretching effect when the number of control points used are considerable large. Figure 13 shows that with fewer control points this effect is seen to be minimal to none.
Thus TPS seems to exhibit this behavior when the number of control points is beyond a minimal number. Unfortunately for manually specified control points, this limit cannot be determined except through practice, and there is clearly an inverse relationship between the quality of the registration and the number of control points specified is inversely proportional. 
